Following the seminal works of Danzer (1956 Danzer ( , 1986 and Stachó (1965 Stachó ( ,1981 , and the recent result of Har-Peled et al. (2018) , we study the problem of stabbing disks by points. We prove that any set of pairwise intersecting disks in the plane can be stabbed by four points. Our proof is constructive and yields a linear-time algorithm for finding the points.
Introduction
Let D be a set of pairwise intersecting disks in the plane. We say that a set S of points in the plane stabs D if the intersection of every disk of D with S is nonempty, i.e., every disk of D contains a point of S. The problem of stabbing disks with minimum number of points has attracted the attention of mathematicians for the past century. The famous Helly's theorem states that if every three disks in D have a nonempty intersection, then all disks in D have a nonempty intersection [5, 6, 7] . Thus, any point in this intersection stabs D. The problem becomes interesting if D contains triplets of disks with empty intersections. It is known that in this case D can be stabbed by four points, due to Danzer (1986) [1] and Stachó (1981) [9] . Danzer's proof uses some ideas from his first unpublished proof in 1956, and Stachó's proof uses similar arguments as in his previous construction of five stabbing points in 1965 [8] . If the disks in D are unit disks, then three points suffice to stab D [3] .
As noted in the recent result by Har-Peled et al. [4] , Danzer's proof of four stabbing points is fairly involved, and there seems to be no obvious way to turn it into an efficient algorithm. The construction of Stachó is simpler, but not enough for an easy subquadratic algorithm. Har-Peled et al. [4] presented a linear time algorithm for finding a set of five stabbing points, by solving a corresponding LP-type problem. They left an efficient construction of four stabbing points as an open problem. We present a new proof for stabbing D with four points. Our proof is constructive and gives a linear-time algorithm for finding four stabbing points. Even though the algorithm itself is quite simple, its analysis is rather involved.
As for lower bounds, Grünbaum gave an example of 21 pairwise intersecting disks that cannot be stabbed by three points [2] . Danzer reduced the number of disks to ten [1] ,
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The Setup and Preliminaries
We denote by x(p) and y(p), the x and y coordinates of a point p in the plane. We denote by r(d), the radius of a disk d in the plane.
Let d * be the smallest disk (not necessarily in D) that intersects every disk in D. We find a set of four points that stab D ∪ d * . Thus, without loss of generality, we assume that d * is in D. After a suitable scaling and a suitable translation, we assume that d * has radius 1 and its center c * is the origin (0, 0). Let D − be the set of all disks in D that do not contain c * . For every disk d ∈ D − we define δ(d) = |cc * | − r(d), where c is the center of d; see Figure 2 for an illustration. We denote by D − ≤k , the set of all disks in D − that have radii at most k.
Our choice of d * , ensures that it is tangent to three disks, say d 1 , d 2 , d 3 , of D. Let x 1 , x 2 , x 3 be the points of tangency of d * with d 1 , d 2 , d 3 , respectively. Our choice of d * also ensures that c * is in the triangle x 1 x 2 x 3 . For each i ∈ {1, 2, 3}, we denote by i the tangent line to d * at x i , by i the reflection of i with respect to c * , and by h i the closed halfplane with boundary line i that contains d i . See Figure 1 . Base setting: Let ∆ be the triangle formed by the intersection points of 1 , 2 , and 3 . After a suitable relabeling and rotation we assume that x 1 = (0, −1), the line 2 has positive slope, the line 3 has negative slope, and the largest angle of ∆ is at the intersection of 2 and 3 , as depicted in Figure 1 .
In the second setting of assumption, we assume without loss of generality that the center of d is on the positive x-axis, where d is a disk in D − ≤k with maximum δ(d ), for some values of k. later in the algorithm and in the proof, when we use this setting we will specify exactly what is disk d . lies on the boundary of d . We prove for each of the above cases that S stabs D. To that end, we partition the plane into four quadrants with apex at c * , i.e. the origin, and then we show for each quadrant Q that any disk, with its center in Q, is stabbed by S.
Any disk in D that is centered at a point above 1 , i.e. the line y = −1, intersects d 1 , and thus it has to intersect 1 . Any disk e ∈ D that is centered at a point bellow 3 intersects d 3 and thus has to intersect 3 . Any disk e ∈ D that is centered at a point bellow 2 intersects d 2 and thus has to intersect 2 .
In section 4.2.4 we show that a disk that is centered at a point of negative y-coordinate and intersects both 2 and 3 at points whose their y-coordinates is above the y-coordinate of q − and bellow the x-axis, contains at least one of the points p l or q − . That is, we show that a disk that is centered at a point of negative y-coordinate and does not contain neither p l or q − cannot intersects both 2 and 3 at points that their y-coordinates is above the y-coordinate of q − and bellow the x-axis ,and thus cannot be in D. Moreover in Lemma 2 (in the same section), we show that a disk in D that is centered at a point of negative y-coordinate and does not contain q − and intersects both 2 and 3 at points whose their y-coordinates is bellow the y-coordinate of q − also intersects 1 .
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Therefore we may assume that any disk e ∈ D that is centered at a point of negative y-coordinate intersects 1 .
Consider the vertical strip V whose left and right boundaries are the vertical lines through p l and p r , respectively. We claim that any disk e ∈ D, with center in V , contains p l or p r . This is implied from Lemma 6 where d , p l , and p r play the roles of d, a, and b, respectively. Moreover, if the center of e is above the x-axis then 1 plays the role of , otherwise 1 plays the role of .
Let Q 1 , Q 2 , Q 3 , and Q 4 be the four quadrants of the plane in counterclockwise order around c * such that Q 1 contains all points with positive x-and y-coordinates. We define four disks d r+ , d l+ , d l− , and d r− as follows (see Figures 5 
and 7):
d r+ is the disk, with center in Q 1 , with x-and y-coordinates more than 1, that is tangent to 1 , and has p r and q + on its boundary. d l+ is the disk, with center in Q 2 , that is tangent to 1 , and has p l and q + on its boundary. d l− is the disk, with center in Q 3 , that is tangent to 1 , and has p l and q − on its boundary. d r− is the disk, with center in Q 4 with x-coordinate more than 1 and with y-coordinate less than −1, that is tangent to 1 , and has p r and q + on its boundary.
We will prove that d l+ and d l− do not intersect d, and that d r+ and d r− do not intersect d * . Then we use this and Corollary 8 as describe bellow to show that any disk of D, that has its center outside V , contains a point of S = {p l , p r , q + , q − }. This would imply that S stabs D.
Let e ∈ D be a disk that is centered at the second quadrant (with respect to p l ), then since e intersects 1 (since it intersects d 1 ) and d (recall that d 1 and d belong to D and any other disk in D intersects them we have by Corollary 8 that e contains p l or q + . To see that, p l , q + , d, e and 1 , play the roll of a ,b, c , d and in Corollary 8.
Let e ∈ D be a disk that is centered at the third quadrant (with respect to p l ) then since e intersects 1 and d, we have by Corollary 8 that e contains p l or q − . To see that, p l , q − , d, e and 1 , play the roll of a ,b, c , d and in Corollary 8.
Let e ∈ D be a disk that is centered at the first quadrant (with respect to p r ), then since e intersects 1 (since it intersects d 1 ) and d * (recall that d 1 and d * belong to D and any other disk in D intersects them) we have by Corollary 8 that e contains p r or q + . To see that, p r , q + , d * , e and 1 , play the roll of a ,b, c , d and in Corollary 8.
Let e ∈ D be a disk that is centered at the fourth quadrant (with respect to p r ), then since e intersects 1 and d * we have by Corollary 8 that e contains p r or q − . To see that, p r , q − , d * , e and 1 , play the roll of a ,b, c , d and in Corollary 8.
In the rest of this section we prove that d l+ and d l− do not intersect d, and that d r+ and d r− do not intersect d * . We prove this for different values of α in 
α ≤ 17 •
First we prove that d l+ and d l− do not intersect d. Because of symmetry, we prove this only for d l+ . To that end, let (a, b) denote the center of d l+ ; notice that a ≤ 0 and b ≥ 0. Since d l+ is tangent to 1 and has p l = (−0.5, 0) and q + = (0, 1.7) on its boundary, the following equations hold: 289 . Let d be the disk of radius 2 that has c * on its boundary and has its center c = (x , y ) on the ray from c * to c, i.e., its center is on a line through origin that makes angle α with the x-axis; see Figure 6 . If fact we have x = 2 cos α and y = 2 sin α. We claim that if d l+ does not intersect d , then it also does not intersect d. To verify this claim we consider two cases: (i) c is on line segment c * c (ii) c is on line segment c * c. In case (i) our claim holds because d contains d; see Figure 6 (a). In case (ii) our claim holds because the center of d l+ is closer to c than to c (the center of d l+ and the point c are on the same side of the the perpendicular bisector of c c); see Figure 6 (b). By the above claim it suffices to show that d l+ does not intersect d , that is the distance between their centers is more than the sum of their radii: (a−x ) 2 +(b−y ) 2 > (2+(b+1)) 2 . This can be verified by plugging a, b, x , and y as follows: C V I T 2 0 1 6 23:8
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The above inequalities imply that d l+ does not intersect d . Therefore d l+ does not intersect d.
Now we prove that d r+ and d r− do not intersect d * . Because of symmetry, we show this only for d r+ . Let (a, b) denote the center of d r+ , and recall that a ≥ 1 and b ≥ 0. Since d r+ is tangent to 1 and has p r = (1.5, 0) and q + = (0, 1.7) on its boundary, the following equations hold:
These equations solve to: a = 81
289 . To prove that d r+ and d * do not intersect, it suffices to show that the distance between their centers is more than the sum of their radii: The above inequalities imply that d r+ does not intersect d * .
α > 17 • and y(c) ≥ 0
First we prove that d l+ does not intersect d. Let (a, b) denote the center of d l+ ; notice that a ≤ 0 and b ≥ 0. Since d l+ is tangent to 1 and has p l = (−0.5, 0) and q + = (−0.5, 1.83) on its boundary, the following equations hold:
These equations solve to: a = − 1 2 − √ 283 10 , b = 183 200 . Let d be the disk of radius 2 that has c * on its boundary and has its center c = ( √ 3, 1) on the ray from c * to c, i.e., its center is on a line through origin that makes angle α with the x-axis. We claim that if d l+ does not intersect d , then it also does not intersect d. To verify this claim we consider two cases: (i) c is on line segment c * c (ii) c is on line segment c * c. In case (i) our claim holds because d contains d. In case (ii) observe that c is located below the parabola x 2 − 2y = 1 because otherwise c is closer to c * than to 1 , and since d intersects d 1 (and hence 1 ) it should contain c * which contradicts d being in D − Therefore the center of d l+ is closer to c than to c, and thus our claim holds. By above claim, it suffices to show that d l+ does not intersect d , that is, the distance between their centers more than the sum of their radii:
By plugging a and b we get:
Therefore d l+ does not intersect d . Now we prove that d l− does not intersect d. Let (a, b) denote the center of d l− ; notice that a ≤ 0 and b ≤ 0. Since d l− is tangent to 1 and has p l = (−0.5, 0) and q − = (0.5, −2.5) on its boundary, the following equations hold:
These equations solve to: a = − 9 10 − √ 203/2 5
25 . Let d be a disk of radius 2 that has c * on its boundary and its center c = (2, 0). First observe that if d l− does not intersect d it does not intersect d. The latter follows from the fact that if r(d) < 2, then by increasing its radius while still avoiding c * the new disk contains d. If while increasing the radius the new disk boundary contains c * , then we slide the center of the new disk along the line that goes through c and c * . Finally, consider the bisector between c and any other point p such that |pc * | ≥ 2 and is located above the parabola x 2 + 2y = 1 (any center located below this parabola is closer to point c * than to 1 , thus cannot be a center of disk in D − ), we have that c(d l− ) is closer to c than to p. Now we show that d l+ does not intersect d , that is the distance between their centers is more than the sum of their radii: Therefore, d l− does not intersect d . Now we prove that d r+ does not intersect d * . Let (a, b) denote the center of d r+ ; notice that a ≤ 0 and b ≤ 0. Since d r+ is tangent to 1 and has p r = (1/2 + 2 √ 6/5, 1/5) and q + = (−0.5, 1.83) on its boundary, the following equations hold:
These equations solve to: Now we show that d r+ does not intersect d * , that is the distance between their centeres is more than the sum of their radii. Thus, any disk centered at Quadrant 1 that intersects 1 and does not contain points p r nor q + does not intersect d * and hence is not in D.
Consider disk d r− , and let (a, b) be its center (recall that a > 1 and b < 0), we have Notice that (as above) it is enough to consider disk d r− that intersect 1 , since a disk that is tangent to the vertical line that goes through (−1, 0) and has q − and p r on its boundary has a bigger radius. Now we show that d r− does not intersect d * , that is the distance between their centres is more than the sum of their radii.
Thus, any disk centered at Quadrant 4 that intersects 1 and does not contain points p r nor q − does not intersect d * and hence is not in D. , −
α > 17
).
This case is symmetric to the case above ∠(α) > 17 • and the center of d has positive y-coordinates.
4.2.4
In this section, we show that a disk e that is centered at a point of negative y-coordinate and does not contain neither p l or q − cannot intersects both 2 and 3 at points whose their y-coordinates are above the y-coordinate of q − and bellow the x-axis, and thus cannot be in D. Then, in Lemma 2 we show that a disk e ∈ D that is centered at a point of negative y-coordinate and does not contain q − and intersects both 2 and 3 at points whose their y-coordinates are bellow the y-coordinate of q − also intersects 1 .
Let c be a disk with center on the negative y-axis and has points (−0.5, 0) and (0, −1.7) on its boundary. Notice that c does not intersect 2 nor 3 . Thus, for the case where p l = (−0.5, 0) and q − = (0, −1.7) (α < 17 • ) we apply Lemma 1, and get that no disk in D that does not contains points p l and q − has intersection with 2 nor 3 at points whose their y-coordinates are above the y-coordinate of q − and bellow the x-axis.
Consider the second case where α > 17 • Let β be the minimum angle between 1 and 2 and the angle between 1 and 3 . First consider the case where β is the angle between 1 and 2 . Let 4 be the line that is tangent to d * and of angle π/2 − β/2 and intersect 1 on the positive x-coordinates. Let c be a disk that is center has y-coordinate in [0, −2.5], has points (−0.5, 0) and (0.5, −2.5) on its boundary, and it is tangent to the vertical line that goes through point (1, 0) .
Notice that for 0 < β ≤ 45 • , disk c does not intersect 2 nor 4 . Thus, does not intersect
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Now assume β > 45 • , let c be a disk that is center is on the segment between points (−0.5, 0) and (0.5, −2.5) and has these points on its boundary. Notice that β ≤ 60 • and that disk c does not intersect 2 nor 4 . Thus, does not intersect 2 nor 3 . Hence, for the case where p l = (−0.5, 0) and q − = (0.5, −2.5) (α > 17 • ) we apply Lemma 1, and get that no disk in D that does not contains points p l and q − has intersection with 2 nor 3 at points whose their y-coordinates are above the y-coordinate of q − and bellow the x-axis.
Next, consider the case where β is the angle between 1 and 3 , the proof of this case is symmetric to the above we just choose c to be tangent to the vertical line that goes through point (−1, 0) and not through point (1, 0).
Lemma 1. Let and be two lines with positive and negative slopes respectively, and let a and b be two points bellow and bellow , such that y(a) > y(b).
Let c be a disk having a and b on its boundary. If c ∩ = ∅ and c ∩ = ∅ then any disk e that intersect both and at points whose their y-coordinates are in [y(a), y(b)] contains at least one of the points a or b.
Proof. Assume towards contradiction that there exists such disk e that intersects both and at points whose their y-coordinates are in [y(a), y(b)] and does not contains neither a nor b and let c(e) be its center. Let e be a disk that has both a and b on its boundary and contains e. We can obtained e by increasing the radius of e until it has point a or b on its boundary. Assume w.l.o.g. a then let let c(e ) be the point on the intersection of the line segment that goes via a and c(e) and the bisector between a and b. Thus, disk centered at c(e ) of radius |c(e )a| contains e and has both a and b on its boundary. At least one of the arcs of e between a and b is contained in c. thus e could not intersect one of the lines or .
In the next lemma we show that a disk e ∈ D that is centered at a point of negative y-coordinate and does not contain q − and intersects both 2 and 3 at points whose their y-coordinates are bellow the y-coordinate of q − also intersects 1 .
Lemma 2.
Let e ∈ D be a disk that is centered at a point of negative y-coordinate and does not contain q − and intersects both 2 and 3 at points whose their y-coordinates are bellow the y-coordinate of q − , then e intersects 1 .
Proof.
Notice that e since does not contain q − and intersects both 2 and 3 at points whose their y-coordinates are bellow the y-coordinate of q − its center is bellow the y-coordinate of q − .
First consider the case where q − = (0, −1.7) (the case where α ≤ 17 • ). Assume w.l.o.g. that the center of e is at the third quadrant of q − . We have that e intersects 3 at point whose its y-coordinates is bellow the y-coordinate of q − .
Let c be a disk center at the the third quadrant of q − , such that it has q − on its boundary and it is tangent to 1 and to the vertical line through point (1, 0). Thus we have 
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By the above claim it suffices to show that c does not intersect d * , that is the distance between their centers is more than the sum of their radii:
( The above inequalities imply that c does not intersect d * . Therefore, since e intersects d * , e must intersects 1 . The proof for the case where the center of e is at the forth quadrant of q − is symmetric.
Next consider the case where α > 17 • . This case is split into two case with respect to the x-coordinate of e (since q − is not on the y-axis, the proof is not symmetric if e is in the third or forth quadrant of q − ). Moreover, the proof of each sub-case is split into two cases with respect to the two locations of q − (the two different cases with respect to the y-coordinates of d).
Assume that the center of e is at the third quadrant of q − . We have that e intersects 3 at point whose its y-coordinates is bellow the y-coordinate of q − .
Let c be a disk centered at the the third quadrant of q − , such that it has q − on its boundary and it is tangent to 1 The above inequalities imply that c does not intersect d * . Therefore, since e intersects d * , e must intersects 1 .
Finally, assume that the center of e is at the forth quadrant of q − . We have that e intersects 2 at point whose its y-coordinates is bellow the y-coordinate of q − .
Let be the vertical line through point (−1, 0) , and let is the line that is tangent to d * and of convex angle 30 • with line 1 . Notice that in the case the center of d has negative y-coordinate the angle between 2 and 1 is at most 30 c irc, otherwise 2 will not intersect d (the radius of d is at most 2).
Let c be a disk centered at the the forth quadrant of q − , such that it has q − on its boundary and it is tangent to 1 and to , in the case that the y-coordinates of d are positive. And in the in the case that the y-coordinate of d are negetive, let c be a disk centered at the the forth quadrant of q − , such that it has q − on its boundary and it is tangent to 1 and to . 10 . Now, we show that c does not intersect d * , that is the distance between their centers is more than the sum of their radii: The above inequalities imply that c does not intersect d * . Therefore, since e intersects d * , e must intersects 1 .
Proof of Case 2 < r min < 4
Recall the disk d min ∈ D − with radius r min . Since r min > 2, any disk in D − has radius larger than 2, and since r min < 4, every set D − ≤k with k ≥ 4 contains d min . In the following three claims we pick a disk d from a set D − ≤k . In these claims we do not assume the Base setting, rather we assume, after a suitable rotation, that the center of d lies on the positive x-axis. In this section we slightly abuse the notation and for a disk e we denote by x(e) and y(e), the x-and y-coordinates of the center of e. Proof. Any disk in D \ D − contains (0, 0). Thus, we prove the claim for D − . We claim for any disk e ∈ D − that if y(e) ≥ 0 then e contains (2, 0) or (0.4, 2), otherwise e contains (2, 0) or (0.4, −2). Because of symmetry we prove our claim only for y(e) ≥ 0. Notice that the center of d is (r(d ) + δ(d ), 0). Depending on the sign of x(e) we consider two cases.
x(e) ≤ 0. Let d 2 be the disk of radius 2, with negative x(d 2 ), that has (0, 0) and (0.4, 2) on its boundary. If (x 2 , y 2 ) denote the center of d 2 , then we have the following equations
which solve to x 2 = 1 5 − 37/13 and y 2 = 1 + √ 37/13 5 . Since r(d ) ≤ 5 and δ(d ) > 0.5, the distance between the centers of d 2 and d is more than the sum of their radii, that is
Therefore d 2 does not intersect d . Recall that e intersects d and d * . These constraints and our geometric lemmas imply that if y(e) > 2 then e contains the point (0.4, 2) because this point is above the tangent between d * and d . Moreover, if 0 ≤ y(e) ≤ 2 then e contains (0, 0) or (0.4, 2).
x(e) > 0. Let d 2 be the disk of radius 2, with x(d 2 ) > 0.4, that has (2, 0) and (0.4, 2) on its boundary. If (x 2 , y 2 ) denote the center of d 2 , then we have the following equations
which solve to x 2 = 6 5 + 59/41 and y 2 = 1 + 4 √ 59/41 5 . The distance between the centers of d 2 and d * is more than the sum of their radii, that is (x 2 ) 2 + (y 2 ) 2 > (1 + 2) 2 , which implies that d 2 does not intersect d * . Tis constraint and our geometric lemmas imply that e contains (2, 0) or point (0.4, 2).
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Stabbing Pairwise Intersecting Disks by Four Points Claim 2 . Assume that D − ≤5 does not contain any disk with δ(·) more than 0.5. Let d be the disk in D − ≤20 with maximum δ(d ), and assume that its center lies on the positive x-axis. If δ(d ) ≥ 0.5, then {(0, 0), (2, 0), (−0.15, 2.7), (−0.15, −2.7)} stabs D.
Proof. Any disk in D \ D − contains (0, 0). Thus, we prove the claim for D − . We claim for any disk e ∈ D − that if y(e) ≥ 0 then e contains (2, 0) or (−0.15, 2.7), otherwise e contains (2, 0) or (−0.15, −2.7). Because of symmetry we prove our claim only for y(e) ≥ 0. Notice that the center of d is (r(d ) + δ(d ), 0). We consider the following three cases.
x(e) ≤ 0. Let d 2 be the disk of radius 2, with negative x(d 2 ), that has (0, 0) and (−0.15, 2.7) on its boundary. If (x 2 , y 2 ) denote the center of d 2 , then we have . Since distance between the centers of d 5 and d * is more than the sum of their radii, i.e., (x 5 ) 2 + (y 5 ) 2 > (1 + 5) 2 , these disks do not intersect. Thus, by geometric lemmas e contains (2, 0) or point (−0.15, 2.7).
x(e) > 0 and r(e) < 5. Recall that r(e) > 2. Since e ∈ D − ≤5 , our claim assumption implies that δ(e) < 0.5. We are going to use an idea, similar to the one above, to show that e contains (2, 0) or (−0.15, 2.7). Let d 2 be the disk of radius 2, with positive x(d 2 ), that has (2, 0) and (−0.15, 2.7) on its boundary. If (x 2 , y 2 ) denote the center of d 2 , then . We claim that d 2 does not intersect the disk, of radius 0.5 and center c * , which we denote by d 0.5 . This claim can be verified by showing that the distance between their centers is more than the sum of their radii, that is x 2 2 + y 2 2 > (0.5 + 2) 2 . Notice that e intersects d 0.5 because δ(e) < 0.5. Our geometric lemmas imply that e contains (2, 0) or (−0.15, 2.7). Proof. Any disk in D \ D − contains (0, 0). Thus, we prove the claim for D − . We claim for any disk e ∈ D − that if y(e) ≥ 0 then e contains (2, 0) or (−0.15, 1.75), otherwise e contains (2, 0) or (−0.15, −1.75). Because of symmetry we prove our claim only for y(e) ≥ 0. Notice that the center of d is (r(d ) + δ(d ), 0). We consider the following three cases. P. Carmi, M. Katz, P. Morin
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x(e) ≤ 0. Let d 2 be the disk of radius 2, with negative x(d 2 ), that has (0, 0) and (−0.15, 1.75) on its boundary. If (x 2 , y 2 ) denote the center of d 2 , then we have the following equations . Since distance between the centers of d 5 and d * is more than the sum of their radii, i.e., (x 5 ) 2 + (y 5 ) 2 > (1 + 5) 2 , these disks do not intersect. Thus, by geometric lemmas e contains (2, 0) or point (−0.15, 1.75).
x(e) > 0 and r(e) < 5. Recall that r(e) > 2. Since e ∈ D − ≤5 , our claim assumption implies that δ(e) < 0.5. Let d 2 be the disk of radius 2, with positive x(d 2 ), that has (2, 0) and (−0.15, 1.75) on its boundary. If (x 2 , y 2 ) denote the center of d 2 , then . We claim that d 2 does not intersect the disk, of radius 0.5 and center c * , which we denote by d 0.5 . This can be verified by showing that the distance between their centers is more than the sum of their radii, that is x 2 2 + y 2 2 > (0.5 + 2) 2 . Notice that e intersects d 0.5 because δ(e) < 0.5. Our geometric lemmas imply that e contains (2, 0) or (−0.15, 1.75). Claims 1, 2, and 3 imply that if D − ≤5 contains a disk with δ(·) ≥ 0.11, or if D − ≤20 contains a disk with δ(·) > 0.5, then there exists a set of four points that stabs D. It remains to prove our claim for the case where every disk in D − ≤5 has δ(·) < 0.11 and every disk in D − ≤20 has δ(·) < 0.5. To that end, we assume the Base setting.
In this stage we proved that for a set D such that there exists a disk d ∈ D − with radius less than 5 such that δ(d) ≥ 0.11 or there exists a disk d ∈ D − with radius less than 20 such that δ(d) ≥ 0.5
The set D is stabbed by 4 points. So we may assume that for every disk d ∈ D − with radius less than 5 we have that δ(d) < 0.11 and for each disk d ∈ D − with radius less than 20 we have that δ(d) ≤ 0.5. In what follows we show that such a set D is stabbed by (0, 0), (2.5, 1), (−2.5, 1), and (0, −1.5).
Here we assume w.l.o.g. that one of the tangents ( 1 ) is as described in Section 4.1. See Figure 8 . Claim 4. If for every disk e 1 ∈ D − ≤5 we have δ(e 1 ) < 0.11 and for every disk e 2 ∈ D − ≤20 we have δ(e 2 ) < 0.5, then the set {(0, 0), (2.5, 1), (−2.5, 1), (0, −1.5)} stabs D.
Proof. Let d k l and d kr be the two disks of radius k having points (0, −1.5) and (2.5, 1) on their boundary, such that the center of d kr is to the right of the center of d k l . Let d k denote the disk d kr for short. Consider the disk d 2 , we have that δ(d 2 ) > 0.11, thus any disk d of radius between 2 and 5 its δ(d) is more then 0.11. Moreover for disk d 5 we have that δ(d 5 ) > 0.5, thus any disk d of radius more than 5 its δ(d) is more then 0.5. However, we assume there are no such disks in D. The case for disk with negative x-coordinate is symmetric. Finally for disk centered above the line containing (−2.5, 1) and (2.5, 1), The argument follows as the case where r min ≥ 4.
5
Geometric Lemmas Lemma 3. Let be a horizontal line; a and b be distinct points on with a to the left of b; V be the vertical strip whose left side contains a and whose right side contains b; c be a disk with center below , such that c ∩ = ∅ or c tangent to the line segment ab and c ∩ V = ∅; e be a disk with center above that intersects V ∩ c.
Then e intersects the segment ab.
Corollary 4. Let
, a, b, c, and V be defined as in Lemma 3; e be a disk with center above , not in V , and that intersects V ∩ c.
Then e contains a or b.
Corollary 5. Let
, a, b, c, and V be defined as in Lemma 3; d be disk tangent to a, b, and c; e be a disk with center in V above whose radius is at least the radius of d; e ∩ c = ∅. 10 a and b be two points above with a left of b; V be the vertical strip whose left side contains a and whose right side contains b; d 1 and d 2 are the two disks that have a and b on their boundary and tangent to from above; d ∈ {d 1 , d 2 }; e a disk with center in V and above the center of d that intersects .
Lemma 7.
Let be a horizontal line segment; c be a disk that intersects and whose center is above ; be a line parallel to and tangent to c from above; d be a disk tangent to from above at some point p and tangent to c from the left at some point q; r be the intersection of with the right boundary of d; s be the highest point on d; a be a point on the boundary of d between p and q; and b be a point on the boundary of d between r and s; e be a disk with center in the upper-left quadrant of a that intersects and c.
Then e contains a or b. 
